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Cosmological data covers a hierarchy of scales on the past 
light cone. Smaller scales è increasing complexity

Cosmic
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How to deal with complexity on 
small scales?
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Smooth away small scales?



How to deal with complexity on 
small scales?

Use a computational model?



Approach 1: “Explicit” inference

1. Write down an explicit model of the full physical and  stochastic 
model of data given parameters 𝜃. This is the Likelihood.

2. Get data 𝑑.
3. Specify prior
4. Write down posterior

5. Explore/sample posterior for fixed data as a function of 
parameters.

6. Done!
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What we want

To succeed we need more freedom than a traditional likelihood approach 
can provide: 

• FREEDOM to make our physical model anything we want
• FREEDOM to project/summarize/cut/mask our data any way we want

Simulating data is often much easier than deriving an accurate likelihood.

Can we analyze data if all we can do is simulate it?
Benjamin Wandelt



Can we analyze data if all we can do is simulate it?

Yes!

A major shift over the last 5 years.

Likelihood is represented implicitly through simulations
𝑑 ↩ 𝑝(𝑑|𝜃)

Let’s do a simple example.

Benjamin Wandelt
Challenge: Keep a running count of the number 
of likelihood and prior evaluations!
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The easiest diagram to 
explain Bayesian statistics
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Generate 𝜃 from the prior
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Simulate/generate 𝑑 given 𝜃
i.e.,draw from p(𝑑|𝜃)
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This is a sample from p(𝜃, 𝑑)
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Measure actual 𝑑 
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Slice through p(𝜃, 𝑑) at 𝑑 
(”condition on 𝑑”)
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Slice through p(𝜃, 𝑑) at 𝑑 
(”condition on 𝑑”)
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This was the true 𝜃
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Posterior p 𝜃 𝑑  

How many
likelihood
evaluations?

How many
prior
evaluations?



This is Implicit Inference
• When likelihood and/or prior are not explicitly specified but 
implicit in…
– simulations, generative models, labelled data.

• Various forms known as
– Likelihood-free inference
– Simulation-based inference
– Approximate Bayesian Computation (ABC)

Benjamin Wandelt



The Machine Learning revolution in computational 
astrophysics and cosmology

• Many problems that we considered impossible solved in the last 
~5 years:
– Automated finding of informative data summary statistics 

• computing score functions and Fisher Information for intractable models (e.g., 
IMNN, FI)

– Posteriors/likelihoods/priors for intractable models
• Implicit Inference (likelihood-free, or simulation-based): LRE, DELFI
• Routinely used to compute posterior moments (e.g., Moment Networks)
• Posterior samples for huge non-linear inverse problems (e.g., Initial Conditions)

– Bayesian Evidence for intractable models
• Simulation-based model comparison(e.g., Evidence Networks)

IMNN: Charnock, Lavaux & Wandelt, arXiv:1802.03537; LRE: Cranmer, Pavez & Louppe, 1506.02169; DELFI:
Papamakarios, Murray et al., 1705.07057, 1805.07226; Alsing & Wandelt, 1712.00012; 
Alsing, Feeney & Wandelt, 1801.01497, 1903.01473; MN & EN: Jeffrey & Wandelt, 2011.05991, 2305.11241; 
FI: Coulton & Wandelt, 2305.08994, ICs: Legin et al., 2304.03788



Machine learning takes us the rest of the way

• Recast inference problems as optimization problems.

• Write down a loss that defines the problem 
– Parameterize the solution using a neural network
– Minimize
– Validate



First example: variational Bayes
• Define a parameterized family of distributions
• Minimize Kullback-Leibler loss between neural family and true 

likelihood 

When using a neural density estimator this is DELFI, a (now) 
classic example of simulation-based inference.

Benjamin Wandelt

Papamakarios, Murray + 
coauthors, 
arXiv:1605.06376, 
1705.07057, 1805.07226
Alsing, Feeney & Wandelt, 
arXiv: 1801.01497, 
1903.01473



Example: 

Strong 
Gravitational 
Lensing

Legin et al. 
arXiv:2212.00044



Simulated images

Legin et al arXiv 2212.00044



Inference

Legin et al arXiv 2212.00044

Works with multimodal posteriors!



Validation

Legin et al arXiv 2212.00044



What if the number of parameters is large or 
simulations are scarce?

• In general, neural density estimation becomes 
exponentially hard as number of dimensions increases.
•How do we handle high-dimensional problems?

• Simplify.



<latexit sha1_base64="m+IwnTiifUOvshEK789Mk/6gmUI="></latexit>

h✓ip(✓|d) = argmin
F(d)

Z
||✓ � F(d)||22 p(d, ✓)ddd✓

<latexit sha1_base64="ODaO3I3dMvZC1Pk8nZIhRMF/zDw="></latexit>

Var[✓]p(✓|d) = argmin
G(d)

Z
|| ||✓ � h✓ip(✓|d)||22 � G(d)||22 p(d, ✓)ddd✓

Main idea: skip compression step – go directly from data to posterior.


• Moment networks: obtain posterior moments directly from data by training NNs to  
solve 

• Marginal posterior networks: obtain low-dimensional posterior marginals directly 
from data by minimizing Kullback-Leibler divergence  
 
 
 
over network weights of a condi>onal neural density es>mator q. 

Solves curse of dimensionality through a combina6on of direct neural es6mates of 
posterior moments and low-dimensional posterior marginals.

SBI WITH MOMENT AND POSTERIOR MARGINAL NETWORKS

(Jeffrey & Wandelt arXiv:2011.05991, presented at NeurIPS 2020)

<latexit sha1_base64="cr/B1XaSYNOSRjSzoBLeRJc8evE="></latexit>Z
ln q(✓i, ✓j |d, w)p(d, ✓)d✓ dd

construct ,



Moment Network Example

Cosmology and astrophysics from full 
hydrodynamical simulations including black 
holes, star formation,…

Benjamin Wandelt



Large suites of full, cosmological hydrosimulations as a function of 
cosmological parameters and astrophysics models with multiple codes 
(AREPO/Illustris, GIZMO/SIMBA, Astrid,…). 

Cosmology and Astrophysics with Machine Learning

F. Villaescusa-Navarro, S. Genel, D. Angles-Alcazar et al. arXiv:2109.10915
F. Villaescusa-Navarro, D. Angles-Alcazar, S. Genel et al. arXiv:2010.00619



Cosmology on small scales with baryons
15 different 2-dimensional fields:
1. Gas mass
2. Dark matter mass
3. Stellar mass
4. Gas velocity
5. Dark matter velocity
6. Neutral hydrogen mass
7. Gas temperature
8. Electron density
9. Gas metallicity
10. Gas pressure
11. Magnetic fields
12. Mg/Fe
13. Total mass
14. N-body
15. All fields except dark matter

15,000 images per field from 1,000 
CAMELS-IllustrisTNG simulations.
Each image:
• 250x250 pixels
• 25x25 (Mpc/h)2

• 100 kpc/h resolution
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SBI: COSMOLOGY FROM SMALL-SCALE HYDRO
Computing posterior means & variances 
from gas temperature 
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Computing posterior means & variances 
from gas metallicity 

Posterior 
means & 
variances 
computed by 
moment 
network 
minimizing 

SBI: COSMOLOGY FROM SMALL-SCALE HYDRO
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What the cosmological AI tells us about the
CAMELS Multifield Data set
1. There is cosmological information on very small scales (100 kpc) 

2. The hydro outputs contain more information than the dark matter 
density

3. For total matter, inferences are robust to baryonic physics (good 
news for weak lensing!)

Benjamin Wandelt
Villaescusa-Navarro et al., arXiv:2109.09747, arXiv:2109.10360



Cosmology robust to baryonic physics

Benjamin Wandelt

Villaescusa-Navarro et al., arXiv:2109.10360 
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Same initial conditions!



High dimensional application of Moment 
Networks (with a single training image)

Jeffrey, Boulanger, Wandelt, Regaldo-Saint Blancard, Allys, Levrier 2021, arXiv:2111.01138
(Allys et al. 2020; Regaldo-Saint Blancard et al. 2021; Jeffrey & Wandelt, arXiv:2011.05991)

Uses a generative model based on Wavelet Phase Harmonics



Moment networks: 
Posterior means and variances pass quantile test

Benjamin Wandelt
Jeffrey, Boulanger, Wandelt, Regaldo-Saint Blancard, Allys, Levrier 2021, arXiv:2111.01138



Summary Statistics and Compression





Automatic Physical Inference with 
Information Maximizing Neural Networks

• Goal: obviate the need to “guess” heuristic, informative summaries of the data
• Setup: design a neural network that maps the data into a small set of 

informative summaries.
• The training loss is (– the Fisher information) under an assumed simple 

likelihood for the summaries. 

• Training uses physical simulations of the model to maximize the information in 
the summaries about the parameters of the model.
• The achieved loss on a test set is meaningful – it’s the information content of 

the data.

Charnock, Lavaux, Wandelt (arXiv:1802:03537)



Information maximizing neural networkd
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Charnock, Lavaux, Wandelt (arXiv:1802:03537)



SBI PARAMETER INFERENCE USING OPTIMAL COMPRESSION

Charnock, Lavaux, Wandelt 
(arXiv:1802:03537)

• Idea: Likelihood is implicitly defined through forward simulations.

• Fit likelihood with neural density model (or accept/reject parameters based on similarity of simulations to data)

• Compress data for dimensional reduction. 

• ML safety through identical data and simulation pipelines.

• Optimal information summaries of the data found by neural networks trained on physical simulations: Information Maximizing 

Neural Networks (IMNN) or Regression Networks

• IMNN optimal loss on a test set is the recovered information content of the data.

• The IMNN training loss provably defines the optimal (LH score) compression at the fiducial model purely based on simula0ons.

Optimal compression 
network minimizes 

information loss
<latexit sha1_base64="S0R65Juu0hutbLmX+f70CPnVJjM="></latexit>

L = � ln dethF ip(d|✓fid)

Information maximizing neural networks: 
asymptotically optimal analysis, Information 
Matrix, score computation if you don’t know the 
likelihood



Example 1: inference of variance

• Perfect information gives |𝐹| = 5 in this problem
• Any linear summary gives |F| = 0.5

N
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.�i� o�Hm2տȯ ਷ЈӳνφνЈϯϯννտɞ ਷ЈӳϯϨϯϵϵΘφΘտɘ ਷ЈӳЈΘϩφϯϯΚϵտȃ φӳϵЈ΅φϩϨΚϩտȁ ЈӳЈϨϩΚνϵϩνտɒ ਷ЈӳΚϨφϨφφΚφտɑ ਷φӳΚϨΘϩΘϨφտǮ ਷ЈӳϩϵνΚϩΚϩϯտȦ ਷φӳϯЈϯϯΚЈϨνտȯɱ ਷ЈӳΚφΚΚφϩϯν
h�#H2 A , o�Hm2b Q7 i?2 BMTmi T�`�K2i2`b 7Q` i?2 Q`B;BM�H
bBKmH�i2/ i`m2 /�i� b2i r?2`2 i?2 /�i� Bb :�mbbB�M MQBb2 d �ृտՎ ߉ ม 	ЈӴ φ
 ੵ � ք ୮ <φӴ ։d>ॄX

i?�M ᅲ � �X h?2 M2irQ`F BMi2`T`2ib i?2 #B�b BM i?2 /�i� �b
�M BM/B+�iBQM i?�i KQ`2 BM7Q`K�iBQM �#Qmi i?2 T�`�K2@
i2`b Bb �p�BH�#H2 7`QK i?2 M2irQ`F i?�M Bb i`mHv �p�BH�#H2X
q2 /Q MQi mb2 � i?B`/ 7mim`2 /�i� b2i �b bT2+B}2/ �i i?2
2M/ Q7 b2+iBQM AAA iQ [mQi2 i?2 }M�H 6Bb?2` BM7Q`K�iBQM
p�Hm2 �b i?2 6Bb?2` BM7Q`K�iBQM 7`QK i?2 i`�BMBM; /�i� Bb
� T`Q/m+i r2 mb2 BM i?2 SJ*@�"* bi�;2X

Ai b?QmH/ #2 MQi2/ i?�i �Hi?Qm;? i?2 �`+?Bi2+im`2 rBHH
#2 BKTQ`i�Mi- r2 ?�p2 7QmM/ i?�i � p2`v H�`;2 p�`B2iv
Q7 ?vT2`T�`�K2i2`b rBHH T`QpB/2 mb rBi? �TT`QtBK�i2Hv
F � �X JQbi MQi�#Hv r2 +�M mb2 p2`v /22T M2irQ`Fb rBi?
72r M2m`QMb bm+? �b (8- 8- 8- 8- 8) iQ 2ti`2K2Hv bBKTH2 M2i@
rQ`Fb rBi? H�`;2 MmK#2`b Q7 M2m`QMb- BX2X (ky93- ky93)-
2�+? rBi? p2`v bBKBH�` Qmi+QK2bX h?2 K�BM /Bz2`2M+2
rBi? /Bz2`2Mi �`+?Bi2+im`2b- i?�i r2 ?�p2 7QmM/- Bb i?2
MmK#2` Q7 2TQ+?b M2+2bb�`v iQ K�tBKBb2 i?2 6Bb?2` BM@
7Q`K�iBQM K�i`BtX q2 ?�p2 +?Qb2M � bBKTH2 M2irQ`F Q7
(k8e- k8e) bBM+2 Bi b22Kb iQ +QMp2`;2 KQ`2 [mB+FHv i?�M
Qi?2` M2irQ`FbX

aBM+2 i?2 i2bi KQ/2H +�M #2 r`Bii2M /QrM �M�HviB+�HHv-
i?2 i`m2 TQbi2`BQ` /Bbi`B#miBQM 7Q` bQK2 bBKmH�i2/ i2bi
/�i� d Ub?QrM BM i�#H2 AV +�M #2 7QmM/ �M/ Bb THQi@
i2/ �b i?2 bQHB/ Q`�M;2 +m`p2 BM };m`2 jX h?2 T`BQ` /Bb@
i`B#miBQM mb2/ ?2`2 Bb mMB7Q`K #2ir22M ᅲ � 	�
 ��>X �
}`bi �TT`QtBK�iBQM Q7 i?2 TQbi2`BQ` /Bbi`B#miBQM mbBM;
i?2 M2irQ`F- rBi?Qmi +`2�iBM; �Mv �//BiBQM�H bBKmH�iBQMb
+�M #2 7QmM/ mbBM; i?2 �bvKTiQiB+ HBF2HB?QQ/ #v 2t@
T�M/BM; 2[m�iBQM UkXRV �#Qmi i?2 }/m+B�H p�`B�M+2 rBi?ငᅲ � 	਷�
 �>RX h?2 �bvKTiQiB+ HBF2HB?QQ/ `2bmHi Bb THQi@
i2/ BM };m`2 j BM /�b?2/ #Hm2X Ai +�M #2 b22M i?�i i?2
T2�F Q7 i?2 TQbi2`BQ` 7QmM/ mbBM; i?2 �bvKTiQiB+ HBF2@
HB?QQ/ +Q``2bTQM/b rBi? i?2 T2�F Q7 i?2 �M�HviB+ TQbi2@
`BQ`- �Hi?Qm;? �b 2tT2+i2/ i?2 `2bi Q7 i?2 /Bbi`B#miBQM [mB@
+FHv /2pB�i2b 7`QK i?2 �M�HviB+ `2bmHiX hQ T2`7Q`K SJ*@

RX h?Bb �TT`QtBK�iBQM Bb QMHv i`m2 7Q` ͗ͣϣ<းᇆ> ୆ φX h?2 BMi2`@
p�H +?Qb2M ?2`2 Bb mb2/ QMHv 7Q` THQiiBM; Tm`TQb2bX

training

Ry

6B;m`2 j , h?2 TQbi2`BQ` /Bbi`B#miBQM 7Q` i?2 p�`B�M+2 Q7 i?2
`2�H /�i�X h?2 bQHB/ Q`�M;2 +m`p2 Bb i?2 �M�HviB+ TQbi2`BQ`
/Bbi`B#miBQM mbBM; "�v2bǶ i?2Q`2K �M/ i?2 HBF2HB?QQ/ BM 2[m�@
iBQM UeXRVX h?2 /�b?2/ #Hm2 +m`p2 b?Qrb i?2 TQbi2`BQ` +�H+mH�@
i2/ 7`QK i?2 �bvKTiQiB+ HBF2HB?QQ/ 7`QK i?2 M2irQ`F bmKK�`v
�M/ BM Tm`TH2 Bb i?2 �"* TQbi2`BQ` Q#i�BM2/ i?`Qm;? SJ*
rBi? i?2 Tm`TH2 b?�/2/ 2``Q` #�`b b?QrBM; i?2 R@ᇐ SQBbbQM
rB/i?X 1�+? /Bbi`B#miBQM Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H
Bb mMBiv BM i?2 BMi2`p�H ᇆ � <ЈӴ φЈ>X q2 +�M b22 i?�i i?2 �M�Hv@
iB+ TQbi2`BQ` BM i?2 bQHB/ Q`�M;2 +m`p2 Qp2`H�Tb i?2 SJ*@�"*
TQbi2`BQ` BM i?2 Tm`TH2 ?BbiQ;`�K b?QrBM; i?�i i?2 M2irQ`F
?�b bm++2bb7mHHv H2�`M2/ iQ bmKK�`Bb2 i?2 /�i�X h?2 #Hm2 /�@
b?2/ +m`p2 T2�Fb �i i?2 b�K2 TH�+2 �b i?2 �M�HviB+ TQbi2`BQ`
rBi? � bBKBH�` rB/i?- r?B+? b?Qrb i?�i i?2 }`bi Q`/2` �TT`QtB@
K�iBQM Q7 i?2 TQbi2`BQ` Bb �HbQ +Q``2+iX

�"*- ԃ � ���� T�`�K2i2` p�Hm2b- \ᅲ Јֆ ]Ԛ ୮ <�
 ԃ>^- �`2
/`�rM 7`QK i?2 mMB7Q`K T`BQ` /Bbi`B#miBQM- ԟ	ᄇ
- #2ir22Mᅲ � 	�
 ��>X h?2 SJ* T`Q+2/m`2- /2b+`B#2/ �#Qp2- Bb
i?2M +�``B2/ Qmi iQ Q#i�BM Ryyy b�KTH2b 7`QK i?2 �T@
T`QtBK�i2 TQbi2`BQ`X lbBM; � +`Bi2`BQM i?�i i?2`2 M22/b
iQ #2 kyyy /`�rb Q7 ᅲ ֏ֆ BM Bi2`�iBQM ԣ iQ #2 +QMpBM+2/ i?�i
i?2 �TT`QtBK�i2 TQbi2`BQ` ?�b +QMp2`;2/ `2[mB`2b � iQi�H
Q7 Rykjk bBKmH�iBQMbX h?2 rB/i? Q7 i?2 �++2Ti�M+2 T�@
`�K2i2` Bb ᆃյ � ����� �i i?2 H�bi Bi2`�iBQM- ԉ - K2�MBM;
i?�i i?2 M2irQ`F bmKK�`v Q7 2�+? Q7 i?2 �++2Ti2/ M2i@
rQ`F bmKK�`B2b �`2 rBi?BM � #�M/ Q7 ԧs յքֆ � ԧ ਻ �����
Q7 i?2 M2irQ`F bmKK�`v Q7 i?2 `2�H /�i�- ԧX h?2 ?Bb@
iQ;`�K Q7 i?2 �++2Ti2/ TQBMib �`2 b?QrM BM };m`2 j BM
Tm`TH2X h?2 SJ*@�"* TQbi2`BQ` /Bbi`B#miBQM 7QHHQrb i?2
�M�HviB+ TQbi2`BQ` /Bbi`B#miBQM 2t�+iHv- b?QrBM; i?�i i?2
M2irQ`F ?�b bm++2bb7mHHv H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2
/�i�X

Ai Bb BMi2`2biBM; iQ b22 i?2 M2irQ`F QmiTmib �b � 7mM+@
iBQM Q7 ᅲ- rBi?Qmi mbBM; i?2 SJ* T`Q+2/m`2X "v T2`@
7Q`KBM; M�śp2 (*>�_LP*E , ) �"* (*>�_LP*E ,
#v `�M/QKHv /`�rBM; 7`QK i?2 r?QH2 T`BQ`- �M/ MQi ?Q@
MBM; BM QM i?2 i`m2 /Bbi`B#miBQM-) r2 +�M THQi i?2 M2i@
rQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 /`�rM 7`QK
i?2 T`BQ`- b?QrM BM };m`2 9X h?2 ;`22M TQBMib b?Qr i?2
`2D2+i2/ b�KTH2b �M/ i?2 Tm`TH2 TQBMib UmM/2` i?2 #H�+F

6B;m`2 9 , L2irQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 mb2/
iQ +`2�i2 i?2 bBKmH�iBQMbX h?2 ;`22M TQBMib �`2 i?2 M2irQ`F
bmKK�`B2b Q7 � b2H2+iBQM Q7 i?2 bBKmH�iBQMb +`2�i2/ 7`QK `�M@
/QK /`�rb 7`QK ᇆ � 	ЈӴ φЈ> 7Q` i?2 `�M/QK �"* T`Q+2/m`2X
h?2 Tm`TH2 TQBMib �`2 i?2 �++2Ti2/ M2irQ`F bmKK�`B2b Q7 i?2
Ryyy bBKmH�iBQMb rBi?BM ֓s ԿՎՐ � ֓ ਻ ᇗԿ rBi? ᇗԿ � ЈӳЈ΅ϩX h?2
#H�+F /Qii2/ HBM2 BM/B+�i2b i?2 M2irQ`F QmiTmi Q7 i?2 `2�H
/�i�X h?2`2 Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F Qmi@
Tmi �M/ i?2 p�Hm2 Q7 ᇆ r?B+? bm;;2bib i?�i i?2 M2irQ`F ?�b
H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2 M2irQ`F BMTmi rBi? `2bT2+i iQ
i?2 KQ/2H T�`�K2i2`bX

/�b?2/ HBM2V b?Qr i?2 �++2Ti2/ /`�rbX h?2 #H�+F /�b?2/
HBM2 b?Qrb i?2 M2irQ`F QmiTmi Q7 i?2 `2�H /�i�X h?2`2
Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F bmKK�`v Q7
i?2 bBKmH�iBQMb �M/ i?2 p�Hm2 Q7 ᅲ mb2/ iQ +`2�i2 i?2 bB@
KmH�iBQMX _2[mB`BM; i?�i i?2`2 �`2 Ryyy b�KTH2b r?Qb2
bmKK�`B2b �`2 rBi?BM ԧs յքֆ � ԧ ਻ ᆃյ - r?2`2 ᆃյ � �����-
M2+2bbBi�i2b KQ`2 i?�M eyy-yyy /`�rb 7`QK i?2 T`BQ`- 8y
iBK2b KQ`2 /`�rb i?�M i?2 SJ* M22/bX Ai b?QmH/ #2 MQ@
i2/ i?�i i?2 M2irQ`F bmKK�`v Bb MQi 2[m�H iQ i?2 p�Hm2
Q7 ᅲ �M/- BM ;2M2`�H +�M p�`v � HQi #v +?�M;BM; i?2 M2i@
rQ`F �`+?Bi2+im`2- i?2 BMBiB�HBb�iBQM Q7 i?2 r2B;?ib Q` 2p2M
Dmbi +?�M;BM; i?2 Q`/2` Q7 i?2 bBKmH�iBQMb mb2/ iQ i`�BM
i?2 M2irQ`FX h?2 p�`B�iBQM BM i?2 M2irQ`F bmKK�`v Bb �
K�MB72bi�iBQM Q7 ?Qr i?2 6Bb?2` BM7Q`K�iBQM Bb BMp�`B�Mi
mM/2` HBM2�` b+�HBM;b Q7 � bm{+B2Mi bi�iBbiB+- �Hi?Qm;? i?2
b+�H2 Q7 i?2 bi�iBbiB+ Bb �#H2 iQ #2 +QMbi`�BM2/ bQK2r?�i
#v +QmTHBM; i?2 6Bb?2` BM7Q`K�iBQM K�i`Bt iQ i?2 +Qp�@
`B�M+2 Q7 i?2 QmiTmib- �b BM 2[m�iBQM U9XeVX
q?2M +`2�iBM; bBKmH�iBQMb /m`BM; i?2 �"* T`Q+2/m`2

r2 +�M +�H+mH�i2 i?2 i`m2 bmKK�`v (*>�_LP*E , bm7@
}+B2Mi bi�iBbiB+)- BX2Xԧsք � ։dంօ�φ ॕԓsքօॖϵ UeX3V

r?2`2 Ԙ H�#2Hb i?2 `�M/QK BMBiB�HBb�iBQM Q7 i?2 bBKmH�iBQM
�M/ i?2 i?2 D H�#2Hb i?2 /�i� TQBMi BM i?2 /�i� b2i dX SHQi@
iBM; i?2 i`m2 bmKK�`v (*>�_LP*E , 2t�+i bm{+B2Mi
bi�iBbiB+) �;�BMbi i?2 M2irQ`F bmKK�`v (*>�_LP*E ,

Likelihood free inference
posterior using 
IMNN summary

Ry

6B;m`2 j , h?2 TQbi2`BQ` /Bbi`B#miBQM 7Q` i?2 p�`B�M+2 Q7 i?2
`2�H /�i�X h?2 bQHB/ Q`�M;2 +m`p2 Bb i?2 �M�HviB+ TQbi2`BQ`
/Bbi`B#miBQM mbBM; "�v2bǶ i?2Q`2K �M/ i?2 HBF2HB?QQ/ BM 2[m�@
iBQM UeXRVX h?2 /�b?2/ #Hm2 +m`p2 b?Qrb i?2 TQbi2`BQ` +�H+mH�@
i2/ 7`QK i?2 �bvKTiQiB+ HBF2HB?QQ/ 7`QK i?2 M2irQ`F bmKK�`v
�M/ BM Tm`TH2 Bb i?2 �"* TQbi2`BQ` Q#i�BM2/ i?`Qm;? SJ*
rBi? i?2 Tm`TH2 b?�/2/ 2``Q` #�`b b?QrBM; i?2 R@ᇐ SQBbbQM
rB/i?X 1�+? /Bbi`B#miBQM Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H
Bb mMBiv BM i?2 BMi2`p�H ᇆ � <ЈӴ φЈ>X q2 +�M b22 i?�i i?2 �M�Hv@
iB+ TQbi2`BQ` BM i?2 bQHB/ Q`�M;2 +m`p2 Qp2`H�Tb i?2 SJ*@�"*
TQbi2`BQ` BM i?2 Tm`TH2 ?BbiQ;`�K b?QrBM; i?�i i?2 M2irQ`F
?�b bm++2bb7mHHv H2�`M2/ iQ bmKK�`Bb2 i?2 /�i�X h?2 #Hm2 /�@
b?2/ +m`p2 T2�Fb �i i?2 b�K2 TH�+2 �b i?2 �M�HviB+ TQbi2`BQ`
rBi? � bBKBH�` rB/i?- r?B+? b?Qrb i?�i i?2 }`bi Q`/2` �TT`QtB@
K�iBQM Q7 i?2 TQbi2`BQ` Bb �HbQ +Q``2+iX

�"*- ԃ � ���� T�`�K2i2` p�Hm2b- \ᅲ Јֆ ]Ԛ ୮ <�
 ԃ>^- �`2
/`�rM 7`QK i?2 mMB7Q`K T`BQ` /Bbi`B#miBQM- ԟ	ᄇ
- #2ir22Mᅲ � 	�
 ��>X h?2 SJ* T`Q+2/m`2- /2b+`B#2/ �#Qp2- Bb
i?2M +�``B2/ Qmi iQ Q#i�BM Ryyy b�KTH2b 7`QK i?2 �T@
T`QtBK�i2 TQbi2`BQ`X lbBM; � +`Bi2`BQM i?�i i?2`2 M22/b
iQ #2 kyyy /`�rb Q7 ᅲ ֏ֆ BM Bi2`�iBQM ԣ iQ #2 +QMpBM+2/ i?�i
i?2 �TT`QtBK�i2 TQbi2`BQ` ?�b +QMp2`;2/ `2[mB`2b � iQi�H
Q7 Rykjk bBKmH�iBQMbX h?2 rB/i? Q7 i?2 �++2Ti�M+2 T�@
`�K2i2` Bb ᆃյ � ����� �i i?2 H�bi Bi2`�iBQM- ԉ - K2�MBM;
i?�i i?2 M2irQ`F bmKK�`v Q7 2�+? Q7 i?2 �++2Ti2/ M2i@
rQ`F bmKK�`B2b �`2 rBi?BM � #�M/ Q7 ԧs յքֆ � ԧ ਻ �����
Q7 i?2 M2irQ`F bmKK�`v Q7 i?2 `2�H /�i�- ԧX h?2 ?Bb@
iQ;`�K Q7 i?2 �++2Ti2/ TQBMib �`2 b?QrM BM };m`2 j BM
Tm`TH2X h?2 SJ*@�"* TQbi2`BQ` /Bbi`B#miBQM 7QHHQrb i?2
�M�HviB+ TQbi2`BQ` /Bbi`B#miBQM 2t�+iHv- b?QrBM; i?�i i?2
M2irQ`F ?�b bm++2bb7mHHv H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2
/�i�X

Ai Bb BMi2`2biBM; iQ b22 i?2 M2irQ`F QmiTmib �b � 7mM+@
iBQM Q7 ᅲ- rBi?Qmi mbBM; i?2 SJ* T`Q+2/m`2X "v T2`@
7Q`KBM; M�śp2 (*>�_LP*E , ) �"* (*>�_LP*E ,
#v `�M/QKHv /`�rBM; 7`QK i?2 r?QH2 T`BQ`- �M/ MQi ?Q@
MBM; BM QM i?2 i`m2 /Bbi`B#miBQM-) r2 +�M THQi i?2 M2i@
rQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 /`�rM 7`QK
i?2 T`BQ`- b?QrM BM };m`2 9X h?2 ;`22M TQBMib b?Qr i?2
`2D2+i2/ b�KTH2b �M/ i?2 Tm`TH2 TQBMib UmM/2` i?2 #H�+F

6B;m`2 9 , L2irQ`F QmiTmi �b � 7mM+iBQM Q7 i?2 p�`B�M+2 mb2/
iQ +`2�i2 i?2 bBKmH�iBQMbX h?2 ;`22M TQBMib �`2 i?2 M2irQ`F
bmKK�`B2b Q7 � b2H2+iBQM Q7 i?2 bBKmH�iBQMb +`2�i2/ 7`QK `�M@
/QK /`�rb 7`QK ᇆ � 	ЈӴ φЈ> 7Q` i?2 `�M/QK �"* T`Q+2/m`2X
h?2 Tm`TH2 TQBMib �`2 i?2 �++2Ti2/ M2irQ`F bmKK�`B2b Q7 i?2
Ryyy bBKmH�iBQMb rBi?BM ֓s ԿՎՐ � ֓ ਻ ᇗԿ rBi? ᇗԿ � ЈӳЈ΅ϩX h?2
#H�+F /Qii2/ HBM2 BM/B+�i2b i?2 M2irQ`F QmiTmi Q7 i?2 `2�H
/�i�X h?2`2 Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F Qmi@
Tmi �M/ i?2 p�Hm2 Q7 ᇆ r?B+? bm;;2bib i?�i i?2 M2irQ`F ?�b
H2�`M2/ ?Qr iQ bmKK�`Bb2 i?2 M2irQ`F BMTmi rBi? `2bT2+i iQ
i?2 KQ/2H T�`�K2i2`bX

/�b?2/ HBM2V b?Qr i?2 �++2Ti2/ /`�rbX h?2 #H�+F /�b?2/
HBM2 b?Qrb i?2 M2irQ`F QmiTmi Q7 i?2 `2�H /�i�X h?2`2
Bb � bi`QM; +Q``2H�iBQM #2ir22M i?2 M2irQ`F bmKK�`v Q7
i?2 bBKmH�iBQMb �M/ i?2 p�Hm2 Q7 ᅲ mb2/ iQ +`2�i2 i?2 bB@
KmH�iBQMX _2[mB`BM; i?�i i?2`2 �`2 Ryyy b�KTH2b r?Qb2
bmKK�`B2b �`2 rBi?BM ԧs յքֆ � ԧ ਻ ᆃյ - r?2`2 ᆃյ � �����-
M2+2bbBi�i2b KQ`2 i?�M eyy-yyy /`�rb 7`QK i?2 T`BQ`- 8y
iBK2b KQ`2 /`�rb i?�M i?2 SJ* M22/bX Ai b?QmH/ #2 MQ@
i2/ i?�i i?2 M2irQ`F bmKK�`v Bb MQi 2[m�H iQ i?2 p�Hm2
Q7 ᅲ �M/- BM ;2M2`�H +�M p�`v � HQi #v +?�M;BM; i?2 M2i@
rQ`F �`+?Bi2+im`2- i?2 BMBiB�HBb�iBQM Q7 i?2 r2B;?ib Q` 2p2M
Dmbi +?�M;BM; i?2 Q`/2` Q7 i?2 bBKmH�iBQMb mb2/ iQ i`�BM
i?2 M2irQ`FX h?2 p�`B�iBQM BM i?2 M2irQ`F bmKK�`v Bb �
K�MB72bi�iBQM Q7 ?Qr i?2 6Bb?2` BM7Q`K�iBQM Bb BMp�`B�Mi
mM/2` HBM2�` b+�HBM;b Q7 � bm{+B2Mi bi�iBbiB+- �Hi?Qm;? i?2
b+�H2 Q7 i?2 bi�iBbiB+ Bb �#H2 iQ #2 +QMbi`�BM2/ bQK2r?�i
#v +QmTHBM; i?2 6Bb?2` BM7Q`K�iBQM K�i`Bt iQ i?2 +Qp�@
`B�M+2 Q7 i?2 QmiTmib- �b BM 2[m�iBQM U9XeVX

q?2M +`2�iBM; bBKmH�iBQMb /m`BM; i?2 �"* T`Q+2/m`2
r2 +�M +�H+mH�i2 i?2 i`m2 bmKK�`v (*>�_LP*E , bm7@
}+B2Mi bi�iBbiB+)- BX2Xԧsք � ։dంօ�φ ॕԓsքօॖϵ UeX3V

r?2`2 Ԙ H�#2Hb i?2 `�M/QK BMBiB�HBb�iBQM Q7 i?2 bBKmH�iBQM
�M/ i?2 i?2 D H�#2Hb i?2 /�i� TQBMi BM i?2 /�i� b2i dX SHQi@
iBM; i?2 i`m2 bmKK�`v (*>�_LP*E , 2t�+i bm{+B2Mi
bi�iBbiB+) �;�BMbi i?2 M2irQ`F bmKK�`v (*>�_LP*E ,

Charnock, Lavaux, Wandelt (arXiv:1802:03537)



RR

QmiTmi) �HHQrb mb iQ b22 ?Qr r2HH i?2 +Q``2+i 7mM+iBQM Bb
H2�`M2/ #v K�tBKBbBM; i?2 AJLL- �b b22M BM };m`2 8X h?2
#Hm2 TQBMib b?Qr i?2 p�Hm2b Q7 i`m2 bmKK�`B2b (*>�_@
LP*E , 2t�+i bm{+B2Mi bi�iBbiB+b) Q7 i?2 bBKmH�iBQMb �M/
b+�H2/ p�Hm2b Q7 i?2 M2irQ`F bmKK�`B2b (*>�_LP*E ,
Q)miTmib Q7 i?2 b�K2 bBKmH�iBQMbX h?2 M2irQ`F bmKK�`v
(*>�_LP*E , QmiTmi) Kmbi #2 b+�H2/ /m2 iQ i?2 �HHQ@
r2/ HBM2�` b+�HBM; Q7 i?2 bm{+B2Mi bi�iBbiB+X q2 �+im�HHv
7QmM/ i?�i M2irQ`F bmKK�`v (*>�_LP*E , QmiTmi) Bb
�TT`QtBK�i2HvOFUXPSL PVUQVU ஈ ։dంօ�φ ॕԓsքօॖϵ � ��
 UeXNV

rBi?Qmi � HBM2�` b+�HBM; Q7 i?2 i`m2 bmKK�`v (*>�_@
LP*E , 2t�+i bm{+B2Mi bi�iBbiB+)- #mi rBi? �M Qzb2iX
h?2 #H�+F /�b?2/ HBM2 b?Qrb r?�i rQmH/ #2 2tT2+i2/ B7
i?2 2t�+i K�T r�b H2�`M2/ #v i?2 M2irQ`FX q2 +�M b22
i?�i i?2 M2irQ`F bmKK�`v (*>�_LP*E , QmiTmi) ;2@
M2`�HHv 7QHHQrb i?2 bmK Q7 i?2 b[m�`2 Q7 i?2 /�i� +HQb2Hv
rBi? ?BMib Q7 � bHB;?i #2M/ �M/ bmT2`}+B�H #`Q�/2MBM;
�i H�`;2` 2t�+i bm{+B2Mi bi�iBbiB+bX h?2 #2M/BM; Bb Q7 MQ
+QM+2`M bBM+2 �Mv QM2@iQ@QM2 7mM+iBQM Q7 i?2 bm{+B2Mi
bi�iBbiB+ Bb biBHH � bm{+B2Mi bi�iBbiB+- �M/ r2 +�M b22 i?�i
i?2 M2irQ`F QmiTmi Bb +H2�`Hv � KQMQiQMB+ 7mM+iBQM Q7
i?2 `2�H bmKK�`vX h?2 #`Q�/2MBM; BM/B+�i2b i?�i QMHv
�M �TT`QtBK�i2 K�T Bb H2�`M2/ #2+�mb2 i?2 i`�BMBM; Q7
i?2 M2irQ`F Bb BM+QKTH2i2 /m2 iQ H�+F Q7 /Bp2`bBiv rBi?BM
bBKmH�iBQMb �M/ T2`?�Tb � bm#@QTiBK�H +?QB+2 Q7 M2irQ`F
?vT2`T�`�K2i2`bX qBi? ;`2�i2` p�`B2iv rBi?BM i?2 bBKm@
H�iBQMb Q`- HBF2rBb2- � ;`2�i2` MmK#2` Q7 bBKmH�iBQMb- i?2
QTiBK�H K�T +QmH/ #2 H2�`M2/ 2p2M KQ`2 T`2+Bb2HvX L2@
p2`i?2H2bb- r2 +�M b22 ?Qr KBMQ` �M 2z2+i i?2 #`Q�/2MBM;
Q7 i?2 2t�+i bm{+B2Mi bi�iBbiB+ Bb #v HQQFBM; �i i?2 `2bmHib
BM };m`2 jX h?2 `2bmHiBM; TQbi2`BQ` /Bbi`B#miBQM Bb 2[mBp�@
H2Mi iQ i?2 �M�HviB+ TQbi2`BQ`- r?B+? Bb i?2 `2�H T`QQ7 i?�i
i?2 M2irQ`F ?�b 7QmM/ i?2 +Q``2+i bmKK�`v bi�iBbiB+X

RX amKK�`BbBM; :�mbbB�M bB;M�Hb rBi? FMQrM MQBb2
p�`B�M+2

LQr +QMbB/2` bQK2 MQBbv /�i� r?2`2 i?2 `2�H /�i�
d � ृ �ԓք ߉ ෭ि ��
 ᅲ � ᅼϵμπЏϣ΄ी�ੵ� Ԙ ୮ <�
 ԝd>ॄ � ?�b � bB;M�H
p�`B�M+2 Q7 ᅲϬϝϷ΄ � � �M/ i?2 p�`B�M+2 Q7 i?2 MQBb2 Bb
i�F2M iQ #2 FMQrM ᅼϵμπЏϣ΄ � �X aBKmH�iBQMb Q7 i?2 MQBbv
/�i� +�M #2 +`2�i2/ �M/ mb2/ iQ i`�BM i?2 M2irQ`F- �b
#27Q`2X h?2 �//BiBQM Q7 i?2 MQBb2 K�F2b i?2 HBF2HB?QQ/
H2bb T2�F2/ �#Qmi i?2 i`m2 T�`�K2i2` p�Hm2 �M/ bQ i?2
6Bb?2` BM7Q`K�iBQM Bb 2tT2+i2/ iQ #2 H2bb i?�M BM Q`B;BM�H
T`Q#H2KX aBM+2 i?2 HBF2HB?QQ/ Bb FMQrM �M�HviB+�HHv- mbBM;
2[m�iBQM UeXeV Bi +�M #2 b22M i?�i F � ����X h?2 M2irQ`F
K�M�;2b iQ �+?B2p2 F ஈ ���� #v i?2 2M/ Q7 i`�BMBM;- bm;@
;2biBM; i?2 M2irQ`F Bb +�T�#H2 Q7 2ti`�+iBM; +HQb2 iQ i?2
K�tBKmK �KQmMi Q7 BM7Q`K�iBQM TQbbB#H2X q2 ?�p2 mb2/
� bHB;?iHv H2bb +QKTH2t M2irQ`F ?2`2 rBi? Rk3 M2m`QMb
BM irQ ?B//2M H�v2`b- (Rk3- Rk3)- #mi �HH Qi?2` T�`�K2@
i2`b i?2 b�K2X �;�BM- K�Mv /Bz2`2Mi �`+?Bi2+im`2b rQ`F

6B;m`2 8 , _2b+�H2/ M2irQ`F QmiTmi 7Q` � ;Bp2M 2t�+i bm{@
+B2Mi bi�iBbiB+X h?2 #Hm2 /Qib b?Qr � b+�H2/ p�Hm2 Q7 i?2 M2i@
rQ`F QmiTmi �i i?2 2t�+i bm{+B2Mi bi�iBbiB+ Q7 bBKmH�iBQMb
Q#i�BM2/ �i � `�M;2 Q7 ᇆ /m`BM; �"*X h?2 #H�+F /�b?2/ HBM2
b?Qrb i?2 2tT2+i2/ p�Hm2 Q7 i?2 M2irQ`F QmiTmi B7 i?2 M2irQ`F
?�/ H2�`M2/ i?2 K�T 7`QK /�i� iQ i?2 bm{+B2Mi bi�iBbiB+ T2`@
72+iHvX aBM+2 i?2 b+�ii2` Q7 i?2 2t�+i bm{+B2Mi bi�iBbiB+ iQ i?2
M2irQ`F QmiTmi +HQb2Hv 7QHHQrb i?2 #H�+F /�b?2/ HBM2- r2 FMQr
i?2 M2irQ`F ?�b �TT`QtBK�i2Hv H2�`M2/ i?2 +Q``2+i K�T 7`QK
/�i� iQ bmKK�`v (*>�_LP*E , bm{+B2Mi bi�iBbiB+)X h?2`2 Bb
� bHB;?i +m`p2 r?B+? �`Bb2b 7`QK i?2 7�+i i?�i �Mv QM2@iQ@QM2
7mM+iBQM Q7 i?2 bm{+B2Mi bi�iBbiB+ Bb biBHH � bm{+B2Mi bi�iBbiB+
�M/ bQ Bb Q7 MQ +QM+2`MX h?2`2 Bb �HbQ � bmT2`}+B�H #`Q�/2MBM;
Q7 i?2 +m`p2 r?B+? b?Qrb i?�i i?2 K�T Bb QMHv �TT`QtBK�i2Hv
+Q``2+iX

2[m�HHv r2HH- #mi /Q MQi M2+2bb�`BHv +QMp2`;2 �b [mB+FHvX
q2 i`�BM i?2 M2irQ`F 7Q` kyyy 2TQ+?b #27Q`2 i?2 6Bb?2`
BM7Q`K�iBQM b�im`�i2b iQ Bib K�tBKmK p�Hm2X

AM };m`2 e- Bi +�M #2 b22M i?�i i?2 SJ*@�"* TQbi2`BQ`
/Bbi`B#miBQM- b?QrM BM i?2 Tm`TH2 ?BbiQ;`�K rBi? b?�/2/
R@ᅼ SQBbbQM `2;BQMb- r?2M ;Bp2M bQK2 bBKmH�i2/ i2bi /�i�-
d- Bb p2`v bBKBH�` iQ i?2 �M�HviB+ `2bmHi b?QrM #v i?2 bQHB/
Q`�M;2 HBM2X h?2 /�b?2/ #Hm2 �TT`QtBK�i2 TQbi2`BQ` /Bb@
i`B#miBQM 7`QK i?2 �bvKTiQiB+ HBF2HB?QQ/ �;�BM T2�Fb p2`v
+HQb2 iQ i?2 K�tBKmK Q7 i?2 �M�HviB+ TQbi2`BQ`X h?2 TQb@
i2`BQ` /Bbi`B#miBQM #2+QK2b K�tBK�H �i i?2 KQbi HBF2Hv
T�`�K2i2` p�Hm2 ;Bp2M i?2 /�i�- rBi? i?2 p�`B�M+2 ;Bp2M
#v i?2 BMp2`b2 6Bb?2` BM7Q`K�iBQM �i i?2 2M/ Q7 i`�BMBM;X
h?2`2 �`2 Ryyy b�KTH2b mb2/ iQ +`2�i2 i?2 ?BbiQ;`�K Q7
i?2 SJ*@�"* TQbi2`BQ` r?B+? `2[mB`2/ RekjR bBKmH�@
iBQMb iQ #2 +`2�i2/ /m`BM; i?2 SJ*- r?2`2 �HH b�KTH2b
�`2 rBi?BM ԧs յքֆ � ԧ ਻ ᆃյ - rBi? ᆃյ � �����X aBM+2 i?2
�M�HviB+ TQbi2`BQ` /Bbi`B#miBQM Bb bQ bBKBH�` iQ i?2 SJ*@
�"* TQbi2`BQ` r2 +�M b22 i?�i- 2p2M i?Qm;? i?2 M2irQ`F
Bb QMHv ;Bp2M MQBbv bBKmH�iBQMb- Bi Bb +�T�#H2 Q7 }M/BM;
i?2 i`m2 7mM+iBQM iQ bmKK�`Bb2 i?2 /�i�X

The IMNN finds 
a minimal 
sufficient 

statistic for this 
inference 
problem

Minimal sufficient statistic

Charnock, Lavaux, Wandelt (arXiv:1802:03537)

…and Gaussianizes it!



Example 2: Automatic physical 
inference with 
unknown noise Rk

6B;m`2 e , h?2 TQbi2`BQ` /Bbi`B#miBQM Q7 i?2 bB;M�H p�`B�M+2 Q7
i?2 :�mbbB�M MQBb2 r?2M i?2 /�i� Bb +QMi�KBM�i2/ rBi? FMQrM
MQBb2 Q7 ᇐɞȥȩɸɌǭ � φX h?2 bQHB/ Q`�M;2 HBM2 b?Qrb i?2 �M�HviB+
TQbi2`BQ` /Bbi`B#miBQM- r?BHbi i?2 TQbi2`BQ` /Bbi`B#miBQM 7`QK
i?2 �bvKTiQiB+ HBF2HB?QQ/ Bb b?QrM BM /�b?2/ #Hm2 �M/ i?2
Tm`TH2 ?BbiQ;`�K rBi? R@ᇐ SQBbbQM b?�/2/ 2``Q` #�`b b?Qrb
i?2 �TT`QtBK�i2 TQbi2`BQ` /Bbi`B#miBQM 7`QK SJ*@�"*X 1�+?
/Bbi`B#miBQM Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H Bb mMBiv BM i?2
BMi2`p�H ᇆ � <ЈӴ φЈ>X q2 +�M b22 i?�i i?2 bQHB/ Q`�M;2 +m`p2
�M/ i?2 Tm`TH2 ?BbiQ;`�K Qp2`H�T �HQM; i?2 2MiB`2 `�M;2 Q7 ᇆ
bm;;2biBM; i?�i i?2 M2irQ`F ?�b H2�`M2/ i?2 +Q``2+i r�v iQ
bmKK�`Bb2 i?2 /�i�X

kX amKK�`BbBM; :�mbbB�M bB;M�Hb rBi? mMFMQrM MQBb2
p�`B�M+2

LQr +QMbB/2` i?2 T`Q#H2K r?2`2- �;�BM- i?2 `2�H /�i�
d � ृ �ԓք ߉ ෭ि��
 ᅲ � ᅼϵμπЏϣ΄ी�ੵ� Ԙ ୮ <�
 ԝd>ॄ� ?�b � bB;M�H
p�`B�M+2 Q7 ᅲ � � �M/ i?2 p�`B�M+2 Q7 i?2 MQBb2 Bb �HbQ
mMFMQrM rBi? � mMB7Q`K T`BQ` ᅼϵμπЏϣ΄ ୮ 	�
 �>X q2 i`�BM
mbBM; Ryyy bBKmH�iBQMb UYRyy 7Q` 2�+? Q7 i?2 /2`Bp�iBp2bV
�i � }/m+B�H ᅲΒЏͷ � � 2�+? rBi? � /Bz2`2Mi ᅼϵμπЏϣ΄ `�M/QKHv
/`�rM 7`QK i?2 mMB7Q`K T`BQ` QM i?2 MQBb2X h?2 }M�H p�@
Hm2 Q7 i?2 6Bb?2` BM7Q`K�iBQM 7`QK i?2 M2irQ`F Bb H2bb
i?�M BM 2Bi?2` Q7 i?2 irQ T`2pBQmb +�b2b �i F � ��� mbBM;
� bHB;?iHv KQ`2 +QKTH2t M2irQ`F i?�M BM i?2 T`2pBQmb b2+@
iBQM rBi? �M �`+?Bi2+im`2 Q7 (Rk3- Rk3- e9) #mi �HH Qi?2`
T�`�K2i2`b i?2 b�K2X A7 i?2 MQBb2 r2`2 �bbmK2/ iQ #2
FMQrM �i ᅼϵμπЏϣ΄ � � i?2M i?2 K�tBKmK 6Bb?2` �p�BH�#H2-
�b +�H+mH�i2/ 7`QK 2[m�iBQM UeXeV rQmH/ #2 F � ���X
h?2 TQbi2`BQ` /Bbi`B#miBQMb 7Q` ᅲ �`2 b?QrM BM };m`2 dX
aBM+2 i?2 MQBb2 Bb mMFMQrM- � _�Q@"H�+Fr2HH 2biBK�i2 Q7
i?2 �M�HviB+ /Bbi`B#miBQM Bb K�/2X >2`2- i?2 TQbi2`BQ` /Bb@
i`B#miBQM Bb +�H+mH�i2/ 7Q` � `�M;2 Q7 ;Bp2M MQBb2 p�Hm2b
7`QK ᅼϵμπЏϣ΄ � 	�
 �> �M/ i?2B` `2bmHib bmKK2/ �i 2�+? p�@
Hm2 Q7 ᅲ- THQii2/ rBi? � bQHB/ Q`�M;2 HBM2X h?2 SJ*@�"*
TQbi2`BQ` Bb ;Bp2M #v i?2 Tm`TH2 ?BbiQ;`�K +QMbBbiBM; Q7
Ryyy b�KTH2b- r?B+? `2[mB`2/ RR3Nk bBKmH�iBQMb mbBM; i?2
SJ*X �;�BM- �b #27Q`2- i?2 +QMbi`�BMib QM ᅲ �`2 BM+`2/B@
#Hv bBKBH�` iQ i?2 �M�HviB+ `2bmHi- +QM}`KBM; i?�i i?2
M2irQ`F +�M �TT`QtBK�i2 i?2 2t�+i bmKK�`v p2`v r2HHX

6B;m`2 d , h?2 TQbi2`BQ` /Bbi`B#miBQM Q7 i?2 bB;M�H p�`B�M+2
r?2M i?2 /�i� Bb +QMi�KBM�i2/ rBi? mMFMQrM MQBb2 ᇐɞȥȩɸɌǭ �	ЈӴ ϵ>X h?2 2t�+i TQbi2`BQ` Bb b?QrM #v i?2 bQHB/ Q`�M;2 +m`p2-
i?2 TQbi2`BQ` /Bbi`B#miBQM Q#i�BM2/ mbBM; i?2 �bvKTiQiB+ HBF2@
HB?QQ/ Bb BM /�b?2/ #Hm2 �M/ i?2 SJ*@�"* TQbi2`BQ` rBi?
b�KTH2b /`�rM mbBM; SJ* Bb BM/B+�i2/ #v i?2 Tm`TH2 ?BbiQ@
;`�K rBi? b?�/2/ R@ᇐ SQBbbQM 2``Q` #�`bX 1�+? /Bbi`B#miBQM
Bb MQ`K�HBb2/ bm+? i?�i Bib BMi2;`�H Bb mMBiv BM i?2 BMi2`p�Hᇆ � <ЈӴ φЈ>X 1p2M rBi? mMFMQrM MQBb2 i?2 M2irQ`F +�M bmK@
K�`Bb2 i?2 /�i� 2[m�HHv �b r2HH �b � _�Q@"H�+Fr2HH 2biBK�i2 Q7
i?2 �M�HviB+ +�b2- H2�/BM; iQ 2[mBp�H2Mi TQbi2`BQ` /Bbi`B#miBQMbX
h?2 TQbi2`BQ` /Bbi`B#miBQM Q#i�BM2/ 7`QK i?2 �bvKTiQiB+ HBF2@
HB?QQ/ /Q2b MQi �;`22 rBi? i?2 Qi?2` /Bbi`B#miBQMb bBM+2 i?2
i`�BMBM; bBKmH�iBQMb �`2 MQi `2T`2b2Mi�iBp2 Q7 i?2 `2�H /�i�X

h?2 _�Q@"H�+Fr2HH 2biBK�iBQM T`Q+2/m`2 Bb �HbQ +�``B2/
Qmi iQ Q#i�BM i?2 TQbi2`BQ` +�H+mH�i2/ 7`QK i?2 �bvKT@
iQiB+ HBF2HB?QQ/- BM /�b?2/ #Hm2- �Hi?Qm;? i?2 `2bmHi /Q2b
MQi �;`22 rBi? i?2 2t�+i Q` SJ*@�"* TQbi2`BQ`bX h?2
H�+F Q7 �;`22K2Mi �`Bb2b #2+�mb2 i?2 bBKmH�i2/ i2bi /�i�
Bb MQi r2HH `2T`2b2Mi2/ BM i?2 i`�BMBM; bBKmH�iBQMbX 1p2M
i?Qm;? i?2`2 Bb �M mM/2` `2T`2b2Mi�iBQM BM i?2 /�i�- i?2
M2irQ`F ?�b H2�`M2/ i?2 +Q``2+i r�v iQ bmKK�`Bb2 /�i�
BM/2T2M/2Mi Q7 i?2 BMTmi- BX2X i?2 M2irQ`F +�H+mH�i2b i?2
bmK Q7 i?2 b[m�`2 Q7 i?2 BMTmiX

"X amKK�`BbBM; :�mbbB�M bB;M�Hb rBi? r`QM;
}/m+B�H p�`B�M+2

aBM+2 i?2 M2irQ`F i`�BM2/ BM i?2 FMQrM MQBb2 T`Q#H2K-
BM b2+iBQM oA�R- Bb �FBM iQ � M2irQ`F i`�BM2/ �i � }@
/m+B�H T�`�K2i2` ᅲΒЏͷ � �- r2 +�M mb2 Bi iQ i2bi ?Qr
r2HH i?2 M2irQ`F +�M T`2/B+i i?2 p�`B�M+2 r?2M i?2 }/m@
+B�H p�Hm2 /Q2b MQi +QBM+B/2 rBi? i?2 i`m2 T�`�K2i2`X Ai
rQmH/ #2 2tT2+i2/ i?�i /�i� rBi? ᅲ � � rQmH/ #2 mM/2`@
`2T`2b2Mi2/ BM � i`�BMBM; /�i� b2i r?2`2 i?2 }/m+B�H p�Hm2
Bb ᅲΒЏͷ � �X L�śp2Hv- QM2 rQmH/ �bbmK2 i?�i i?2 M2irQ`F
rQmH/ MQi T2`7Q`K �b r2HH �b � M2irQ`F i`�BM2/ mbBM; bB@
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Example 3: Lyman-α forest inference

• The idea is to infer the variance of the underlying 
density field from a non-linearly transformed, 
photon-noise dominated Lyman-α forest spectrumR9
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Charnock, Lavaux, Wandelt (arXiv:1802:03537)





IMNN recovers full info directly from the field

IMNN
trained 
here

IMNN posterior

IMNN PML 
estimator

Exact likelihood

Makinen et al., arXiv:2107.07405

https://arxiv.org/abs/2107.07405


The IMNN recovers the full information
Theoretical  (Cramer-Rao)
information
bound

Realized training loss

11 minutes on 1 GPUMakinen et al., arXiv:2107.07405

https://arxiv.org/abs/2107.07405


Non-Gaussian field 
inference with IMNN
and DELFI

Available as 
interactive notebook 
tutorial at
https://bit.ly/imnn-
cosmo

IMNN trained…

here first…
… then here.

Makinen et al., arXiv:2107.07405

https://bit.ly/imnn-cosmo
https://bit.ly/imnn-cosmo
https://arxiv.org/abs/2107.07405


Can define both information matrix and score 
function on distributions of graphs

Makinen et al. arXiv:2207.05202

Example of using clusters 
of galaxies to infer 
cosmological parameters

Uses neurally derived 
Fisher score within 
pyDELFI.



Other ways to compute the 
Information Matrix implicitly
• Coulton & Wandelt (arXiv:2305.08994):

A new, efficient estimator of Fisher 
Information from simulations

• Typically, compute at a fiducial parameter 
point.
Can we compute Fisher information efficiently 
everywhere in parameter space? 

 èFishnets (Makinen et al, in prep)

prelim
inary



Reasoning about models with Bayesian Machine 
Learning

p(✓|d) = p(d|✓)p(✓)
p(d)

Actually, 



Bayesian model comparison

Bayes factor K



Bayesian model comparison 

Even if likelihood and posterior are explicitly given

• Likelihood can be costly to evaluate
• Evidence can be hard to compute

Benjamin WandeltJeffrey & Wandelt, arXiv:2305.11241

⟹ 𝑃 𝑑 𝑀 = ∫ 𝑃 𝑑 𝜃,𝑀 𝑃 𝜃|𝑀 𝑑𝜃

𝑃 𝜃 𝑑,𝑀 =
𝑃 𝑑 𝜃,𝑀 𝑃 𝜃|𝑀

𝑃(𝑑|𝑀)

Niall’s talk tomorrow!



Sampling high-dimensional posteriors 
in Implicit Inference

and

Information-Ordered Bottlenecks

Benjamin D. Wandelt

Ronan Legin (Montreal), Niall Jeffrey (UCL), Matt Ho (IAP), Xiaosheng Zhang 
(Tsinghua), Gabriel Jung (IAS, Orsay), Lucas Makinen (Imperial), Will Coulton

(CCA), Stephen Feeney, …



“Score”-based Diffusion
• Consider a random walk of images
• Initialise with initial conditions
• Add Gaussian noise at every step
• Central limit theorem: this has an attractor a Gaussian noise distribution

• Then sample by solving a series of inference problems to go from Gaussian 
noise back to a sample of the initial conditions

• If the number of steps is large enough, each step is a Gaussian inference 
problem. 

• Train a neural network on simulations to learn the posterior mean for each 
of these steps



Exploring high-dimensional posterior pdfs with 
“score”-based diffusion

Benjamin WandeltR. Legin et al., arxiv:2304.03788 



Train the “score” on QUIJOTE n-body simulations

• Largest release of N-body simulation data to date
– 43,100 full GADGET 3 simulations (1 Gpc)3,   5123 or 10243 particles
– ~1 PB of data

• Goal: quantify statistics information content of non-Gaussian 
non-linear density field about cosmological parameters

• Includes full dark matter snapshots, halo and void catalogues,  
and many pre-computed statistics.

Villaescusa-Navarro et al, arXiv:1909.05273



• 1 Gpc 
GADGET1024^3 
simulation at z=0

• Binned on 128^3 
grid 

First full-field inference of initial conditions from 
fully non-linear density field

R. Legin et al., arxiv:2304.03788 
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First full-field inference of initial conditions from 
fully non-linear density field

R. Legin et al., arxiv:2304.03788 



Faithful reconstruction…

R. Legin et al., arxiv:2304.03788 



… including uncertainties (posterior variance)

R. Legin et al., arxiv:2304.03788 



Accurate 
reconstructions 

Points to note:

• full non-linear gravity
• No need for 

differentiability

R. Legin et al., arxiv:2304.03788 



The principal impact of ML on cosmology so 
far

An extremely powerful tool to answer the question

“Does A contain information about B?”



Theoretical discovery example: breaking 
degeneracy

• Scientific results now motivated by machine learning tools𝜎



From information to insight

Can we use machine learning to discover the 
most important degrees of freedom in data?



The Information-Ordered Bottleneck

Ho, Zhao & Wandelt arXiv:2305.11213 



The IOB orders latents by information

Ho, Zhao & Wandelt arXiv:2305.11213 



The IOB discovers the number of degrees 
of freedom in data

Data: 2 disks of arbitrary size

Ho, Zhao & Wandelt arXiv:2305.11213 



Information Ordered Bottleneck:
SOTA discovery of global intrinsic dimensionality

Ho, Zhao & Wandelt arXiv:2305.11213 



Training on heterogenous data sets can classify 
individual instances by complexity

Ho, Zhao & Wandelt arXiv:2305.11213 



Check out Ho, Zhao & Wandelt arXiv:2305.11213 for more examples!

Information-Ordered Bottleneck applied to CLIP embeddings.    Dataset: MS-COCO

Adaptive IOB Compression in Semantic Latent Space



Information-Ordered Bottlenecks for 
insight in a world exploding with data

What 
parameter 
combinations
does the 
CMB really 
constrain?

What is the (relative) complexity of Galaxies 
and Active Supermassive Black Holes spectra?

What are natural coordinates 
for the parameter space of 
cosmological hydro-
simulations?

…



Benjamin Wandelt



Benjamin Wandelt


