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STRONG LENSING

▸ the shape of the image is heavily 
affected by the lensing 

▸ small angular separation between 
the source and the lens position, 
i.e. almost aligned 

▸ extended sources may be heavily 
distorted in gravitational arcs 

▸ multiple images of background 
sources, such as bright QSO

INTRODUCTION
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(See constrains from flux-ratio-anomalies
 from Hsueh et al. 2019 or Gilman et al. 2019)



STRONG LENSING & DM

INTRODUCTION

 properties of  the small  
scale structures  

in the lens or 
along the line-of-sight

test CDM and 
discriminate between  

CDM and WDM (and SIDM)

CDM
5 keV
3 keV
2 keV



STERILE NEUTRINO WDM

nWDM

nCDM
= (1 + �MhmM�1)� sterile neutrino lensing 7

Table 2. Best fit mass function parameters from this and previous works
(Schneider et al. 2012; Lovell et al. 2014), following the parametrization
from Eq. 2.

Mass function parameters
model source � � Mhm [M�]

L8-DMO this work 0.53 -1.3 1.28 ⇥ 108

L11-DMO this work 0.27 -1.3 8.25 ⇥ 108

L8-HYDRO this work 0.35 -1.3 1.28 ⇥ 108

L11-HYDRO this work 0.18 -1.3 8.25 ⇥ 108

WDM(th. rel.) Schn+12 1 -1.16 -
WDM(th. rel.) Lov+14 1 -1.3 -
WDM(th. rel.) Lov+14(sub) 2.7 -0.99 -

a function of radius for our three scenarios, rescaled to the mean
number density within r200c in each model. The solid, dashed and
dotted curves show the best fit Einasto profiles to the mean number
densities. As expected, the subhalo population is more centrally
concentrated than in CDM. For all three cases r�2 ' 0.54 r200c ,
while the logarithmic slope is di�erent for each model and decreases
for warmer models. If the sterile neutrino models are normalized by
the CDM mean values (red dashed and dotted lines in both panels),
it is apparent how the subhalo population is suppressed in warmer
models.

However, since gravitational lensing is sensitive to projected
quantities, we also need to test to what degree this di�erence in the
three dimensional radial distribution is preserved in projection. In
the right-hand panel of Figure 4, we show the projected number
density of subhaloes as a function of radius, normalized by its value
at r200c , by averaging over three di�erent projections for each halo.
We see that, even though the normalized number density is still
higher for the sterile neutrino models, the mean distributions flatten
close to the centre (i.e. inner most '30 kpc) and the central number
densities are of the same order of magnitude for the three models.

3.3 Density profiles

Another recognised e�ect of WDM is to produce shallower density
profiles for the low-mass subhaloes, in the same mass range in
which the number of structures is already suppressed (e.g. Lovell
et al. 2012; Ludlow et al. 2016). It has been shown (Springel et al.
2008b) that subhaloes in CDM can be well described both by NFW
(Navarro et al. 1996) and Einasto (Einasto 1965) profiles. Here,
we use the second since it provides a more flexible parametrisation
which might be needed in warmer models.

Thus, we select the subhaloes within r200c and fit their pro-
files with Einasto profiles, characterized by a power-law logarithmic
slope:

⌘(r) =
d ln ⇢
d ln r

(r) / r1/↵ . (3)

In this model, the integrated density profile is commonly written as

⇢(r) = ⇢�2 exp
8><>:�2↵
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We perform the fit by optimizing for the three parameters
(⇢�2, r�2, ↵) for each subhalo, where the first two are the density
and the radius at which ⇢(r) / r�2 and ↵ defines the steepness of
the power-law. Instead of fitting the individual subhalo profiles –
which could be more prone to uncertainties – we stack subhaloes of
the same mass and we fit the median profile.

⇢�2 is 20 (40) per cent lower in the L8 (L11) model, while
r�2 is roughly 10 (20) per cent larger at fixed Msub. We estimate
the subhalo concentration c = rmax/r�2, i.e. the ratio between the
subhalo size (or the distance of the farthest particle) and r�2. rmax is
on average the same in the three models, as a function of mass and,
at fixed mass, of the same order of magnitude of the virial radius.

In Figure 5, we show the ratio of the concentration–mass rela-
tions of sterile neutrino models relative to CDM. The blue and red
lines show the ratio for the L8 and L11 scenarios for each mass bin,
while the mean suppression obtained by fitting individual profiles
is shown by the dotted lines.

We then generate the density profile that would be predicted
from the medians of these distributions for four bins in subhalo
mass in which we have enough statistics. In Figure 6 we plot the
ratio between the predicted density profile in the L8 (upper panel)
and L11 (lower panel) models and CDM. The median parameters
from the sterile neutrino models yield central densities (r < 1 kpc)
that are systematically lower than the CDM ones, to 30 and 50 per
cent at the very centre, consistently for all mass bins.

3.4 Dark matter fraction in subhaloes

Many previous works studied the dark matter fraction in subhaloes
(Gao et al. 2004a; Springel et al. 2008a; Xu et al. 2015; Despali &
Vegetti 2017). In WDM models, the halo concentrations are lower
(Macciò et al. 2013; Ludlow et al. 2016, - and as in the previous
section) and the number of dark subhaloes is suppressed, which can
lead to a lower fraction of the total halo mass being located in dark
matter subhaloes.

In Section 2 we discussed the total dark matter fraction of the
host haloes; we now calculate the dark matter fraction in subhaloes.
Its value depends not only on the distance from the centre, but also
on halo mass (Gao et al. 2004b; Springel et al. 2008a). For this
reason, and since our haloes span almost one order of magnitude in
mass, we show the ratio of the sterile neutrino and CDM fractions
instead of the absolute value, and present the results in Figure 7.
As expected from the suppressed mass function, in sterile neutrino
models the fraction is lower than in CDM. The suppression rises
from an order of magnitude in the centre to roughly 20 per cent at the
virial radius. As shown in previous works (e.g. Springel et al. 2008a;
Despali & Vegetti 2017), the number density of subhaloes increases
towards the centre, in a way that is well represented by an Einasto
profile (Ludlow et al. 2009, and Figure 6), more slowly than the total
dark matter density and thus most subhaloes are found in the outer
parts of the halo. Given that these are present in similar number in
all the three runs, the dark matter fraction in subhaloes is similar in
the outskirts of the halo. On the other hand, the low-mass subhaloes,
which can be found closer to the centre, are more abundant in CDM
than in sterile neutrino models, and thus the fraction in subhaloes
is suppressed towards the centre, even though the number densities
of subhaloes centrally is similar between CDM and WDM.

The two sterile neutrino models give similar predictions and
cannot be distinguished with only four simulated systems. How-
ever, Lovell et al. (2014) also reported a similar suppression for the
slightly di�erent thermal relic WDM model in the MW halo con-
text. Finally, we measure the projected subhalo mass fraction and
the projected number of subhaloes as a function of the distance from
the centre, thus bringing together the findings from previous sub-
sections. In this case, we use di�erent projections for each halo in
order to gain more statistics. Xu et al. (2015) and Despali & Vegetti
(2017) have shown that the projected number density of subhaloes
as a function of radius is constant at small distances from the centre

MNRAS 000, 1–15 (2019)

(Despali, Lovell et al. 2019)
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(Despali, Lovell et al. 2019)
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OBSERVATIONAL TECHNIQUE

GRAVITATIONAL IMAGING
IMAGE MODEL RESIDUALS RECONSTRUCTED SOURCE

▸ Small mass clumps are detected as corrections to an overall smooth 
potential, based on perturbations in the surface brightness distribution 

▸ if present, more than one can be detected and we can quantify its mass 

▸ in order to claim a detection, we require the smooth lens+clump 
model to fit the data better than the smooth lens alone at the 10𝝈 level

DENSITY CORRECTION

(Vegetti et al. 2012)

Detections in Vegetti et al. 2010, 2012, Hezaveh et al. 2016



SIMULATIONSEXPECTED NUMBER OF PERTURBERS (Despali et al. 2018)

CDM
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2 keV

HSTAOALMARADIO VLBI
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SIMULATIONSEXPECTED NUMBER OF PERTURBERS
nWDM

nCDM
= (1 + �MhmM�1)�

(Despali et al. 2018, Li et al. 2017)
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Figure 2. Simple sketch of the method we used to create our

mock data, placing subhaloes and line-of-sight objects in the same

projected position on the plane of the main lens; the gray area

gives an idea of the line-of-sight volume taken into account.

line-of-sight halo should always lie on the same line-of-sight,
as sketched in Figure 2. In particular, we use the factor �
(see Section 3 - equation 14 for a definition) to rescale the
position of the perturber in the background. For each per-
turbed model we only consider the presence of one perturber
at the time: this is justified by the fact that we are inter-
ested in quantifying the relative lensing e↵ect of substruc-
tures and line-of-sight haloes rather than their global e↵ect
on the data.

Below, we remind the reader the main features of the
considered mass profiles and the basic equations used to
calculate their deflection angles.

2.2 NFW profile

The NFW profile

⇢(r) =
⇢s

r

rs

⇣
1 + r

rs

⌘ (1)

is well defined in terms of the halo virial mass Mvir and
a concentration-mass relation, which is needed to compute
the scale radius as rs = rvir/cvir and the density normal-
ization ⇢s. Here, we choose the concentration-mass
relation by Meneghetti et al. (2014) and we ignore
the presence of a scatter, meaning that we assign
a deterministic value of the concentration always to
each combination of mass and redshift. In Appendix
B, we demonstrate that for the main purposes of this
paper, a di↵erent choice for the mass-concentration
relation or allowing some scatter around the mean
value, would introduce only second order e↵ects.

Starting from the adimensional form of the lens
equation, where x = ✓/✓E (with ✓E being the Einstein
radius), the deflection angle can be written as:

↵(x) =
4ks
x

h(x), (2)

where

h(x) = ln
x
2
+

8
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>>>:
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2p
1�x2

arctan
q

1�1
x+1 if(x < 1)

1 if(x = 1)

(3)

and

ks =
⇢srs
⌃c

, ⌃c =
c2Ds

4⇡GDlDls

. (4)

Here ⌃c is the critical surface mass density and
Dl, Ds and Dls are the angular diameter distances
from the observer to the lens, from the observer to
the source and from the lens to the source, respec-
tively.

2.3 PJ profile

The Pseudo-Ja↵e profile is defined as

⇢(r) =
⇢0,subr

4
t

r2(r2 + r2t )
, (5)

and corresponds to a surface mass density

(R) =
0,sub

2

h
R�1 � (R2 + r2t )

�1/2
i
, (6)

where ⇢0,sub = 0,sub⌃cr
2
t /2⇡ and rt is the truncation

radius. The profile deflection angle, as a function
of the substructure projected position, and its total
mass are expressed as

↵(R) = 0,sub
rt +R�

p
r2t +R2

R
(7)

and

Msub = ⇡⌃crt0,sub. (8)

Generally, the truncation radius is assumed to be well ap-
proximated by the substructure tidal radius

rtidal = r

✓
Msub

�M(< r)

◆1/3

, (9)

which for an isothermal host lens reduces to

rt = r

r
⇡0,sub

2�0
= r

✓
Msub

6r⌃crE

◆1/3

(10)

Here, rE is the Einstein radius of the host lens
galaxy, � depends on the assumptions made on the
satellite orbit (it is typically set equal to 3 for the
assumption of circular orbits), 0 is the surface mass
density normalizations of the main lens and M(< r)
its mass at the 3D position r of the subhalo. Thus,
the truncation of the profile depends on the redshift
(via ⌃c) and mass of the host lens galaxy, and its 3D
position relative to the centre of the host. However,
in a real situation this distance is not known a priori
and from observations one can only infer the two-
dimensional distance R projected on the plane of the
host. Therefore, one generally assumes that the sub-
structure is located on the plane of the host lens, i.e.
r = R. Throughout this paper, when we refer to a PJ
perturber, we always make use of this assumption.
We discuss this issue and its implications in more
details in the Appendix A.

Finally, as the normalization of the PJ profile for a sub-
halo depends on the mass of the main halo it is embedded
in, it would not be meaningful to define a virial mass or
virial radius for this profile, as for the NFW. In Section 3.5
we investigate how to compare subhaloes with PJ and NFW

c� 2017 RAS, MNRAS 000, 1–??
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HST OBSERVATIONAL RESULTS

COMBINING MULTIPLE HST SAMPLES
11 SLACS  + 17 BELLs lenses, only 1 detection

(Vegetti et al. 2018, Ritondale et al. 2019)

3666 S. Vegetti et al.

Figure 1. The posterior probability distribution for the projected substruc-
ture mass fraction and the half-mode mass derived by taking into account
the contribution from both substructures and line-of-sight haloes. Contours
correspond to the 1σ and 2σ levels.

At the 95 per cent CL, we constrain the half-mode mass to be 6.42
< log Mhm[M⊙] < 12.0. These limits, although rather weak, are in-
dependent of the subhalo mass function parametrization, expressed
by equations (2) and (3). Sterile neutrinos are a two-parameter dark
matter model, where combinations of neutrino masses and lepton
asymmetry in the early Universe determine the particle momentum
distribution and its colder or warmer behaviour. In the left-hand
panel of Fig. 2, we plot the theoretical half-mode mass for different
values of the neutrino mass and lepton asymmetry. Our 2σ upper
limit excludes sterile neutrino masses ms < 0.8 keV at any value
of L6. We have also derived a relationship between the mass of a

thermal relic particle and the half-mode mass using the results of
Viel et al. (2005), which leads to a lower limit of mth > 0.3 keV at
the 2σ level.

In the right-hand panel of Fig. 2 we compare our constraints with
those derived from the observed satellites in the Milky Way (Lovell
et al. 2016), X-ray decay searches from M31 (Watson et al. 2012;
Horiuchi et al. 2014), and Lyman α forest constraints. The latter
measures the 1D matter power spectrum of Lyman α flux in QSO
spectra. Comparing the limits from these studies with our results is
complicated because their constraints are calculated using thermal
relic matter power spectra, and a proper analysis requires simula-
tions of structure formation to model the non-linear evolution of the
power spectrum such as the flow from large scales to small scales.
Another uncertainty is the thermal history around z ∼ 5, where Iršič
et al. (2017a) find their preferred power-law prior requires mth >

5.3 keV at the 95 per cent CL, whereas a freer prior on the thermal
history relaxes the bound to >3.5 keV at 95 per cent CL.

We therefore take the following approach. We draw an exclusion
region based on all sterile neutrino models that have a 1D power
spectrum with less power at any point in the wavenumber range 1 <

k < 10h/Mpc than the 3.5 keV thermal relic, where <10 h/Mpc is
the range of wavenumbers used in the analysis of Iršič et al. (2017a).
When combined with the X-ray limit, this limit rules out all but a
sliver of parameter space, which lies in the range ms > 5 keV, L6 ∼
[8 − 10]; the less conservative 5.3 keV limit instead rules out all ms

< 10 keV. Finally, we note that our method may rule out models in
which the power transfer from large scales to small scales is stronger
than for the thermal relic, therefore dedicated simulations of these
sterile neutrino models will be required to confirm or correct this
simple model (see also Baur et al. 2016).

Our 95 per cent CL exclusion regions are significantly smaller
than those derived from both the satellite counts and the Lyman α

forest, and would potentially be weaker still if the shallower slopes
of sterile neutrino power spectra were taken into account fully.
However, they are more robust than those from the Milky Way
satellite counts, as they are less affected by feedback processes.

Figure 2. Current constraints – Left-hand panel: Half-mode mass versus lepton asymmetry for different values of the neutrino mass (coloured lines), 95 and
68 per cent upper and lower limits on the half-mode mass for the current sensitivity function (dashed and dotted black lines). Right-hand panel: 95 per cent
exclusion region in the L6 − ms plane. The green shaded region is excluded from non-observations of X-ray decay from M31 (Watson, Li & Polley 2012;
Horiuchi et al. 2014). The purple and blue regions are excluded by the observed number of Milky Way satellites for two different feedback models from Lovell
et al. (2016). The grey shaded region is in strong tension with Lyman α flux observations as described in the text. The yellow shaded region is excluded by the
number of observed and non-observed mass perturbers in the sample of gravitational lens systems considered in this paper. We mark the position of the sterile
neutrino model that explains the 3.55 keV line with an error bar.

MNRAS 481, 3661–3669 (2018)
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OBSERVATIONAL RESULTS(Vegetti et al. 2018)

real sensitivity 
sensitivity*100

with higher resolution

40 lenses with  
                  4 low mass det

in the case of no detections or only massive  
detection we could challenge CDM

in the case of more detections 
we exclude some WDM models

 with larger samples



VLBI OBSERVATIONAL RESULTS(Powell et al. in prep)

• highest angular resolution imaging 
of extended gravitational arcs from 
a gravitational lens 

• we can measure astrometric 
anomalies of the order of ~ 1mas 

• price to pay: huge data and more 
complex analysis (400 million 
visibilities) 
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SUMMARY


