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Fig. 6. Base-⇤CDM 68 % and 95 % marginalized constraint
contours for the matter density and �8⌦

0.25
m , a fluctuation am-

plitude parameter that is well constrained by the CMB-lensing
likelihood. The Planck TE, TT, and lensing likelihoods all over-
lap in a consistent region of parameter space, with the combined
likelihood substantially reducing the allowed parameter space.

This value is our “best estimate” of H0 from Planck, assuming
the base-⇤CDM cosmology.

Since we are considering a flat universe in this section, a
constraint on⌦m translates directly into a constraint on the dark-
energy density parameter, giving

⌦⇤ = 0.6847 ± 0.0073 (68 %, TT,TE,EE+lowE+lensing). (15)

In terms of a physical density, this corresponds to ⌦⇤h
2 =

0.3107 ± 0.0082, or cosmological constant ⇤ = (4.24 ± 0.11) ⇥
10�66 eV2 = (2.846± 0.076)⇥ 10�122

m
2
Pl in natural units (where

mPl is the Planck mass).

3.3. Optical depth and the fluctuation amplitude

Since the CMB fluctuations are linear up to lensing corrections,
and the lensing corrections are largely oscillatory, the average
observed CMB power spectrum amplitude scales nearly propor-
tionally with the primordial comoving curvature power spec-
trum amplitude As (which we define at the pivot scale k0 =
0.05 Mpc�1). The sub-horizon CMB anisotropies are however
scattered by free electrons that are present after reionization, so
the observed amplitude actually scales with Ase

�2⌧, where ⌧ is
the reionization optical depth (see Sect. 7.8 for further discus-
sion of reionization constraints). This parameter combination is
therefore well measured, with the 0.6 % constraint

Ase
�2⌧ = (1.884 ± 0.012) ⇥ 10�9 (68 %, TT,TE,EE

+lowE). (16)

In this final Planck release the optical depth is well constrained
by the large-scale polarization measurements from the Planck

HFI, with the joint constraint

⌧ = 0.0544+0.0070
�0.0081 (68 %, TT,TE,EE+lowE). (17)

Assuming simple tanh parameterization of the ionization frac-
tion,14 this implies a mid-point redshift of reionization

zre = 7.68 ± 0.79 (68 %, TT,TE,EE+lowE), (18)

and a one-tail upper limit of zre < 9.0 (95 %). This is consis-
tent with observations of high-redshift quasars that suggest the
Universe was fully reionized by z⇡ 6 (Bouwens et al. 2015). We
do not include the astrophysical constraint that zre >⇠ 6.5 in
our default parameter results, but if required results including
this prior are part of the published tables on the Planck Legacy
Archive (PLA). A more detailed discussion of reionization his-
tories consistent with Planck and results from other Planck like-
lihoods is deferred to Sect. 7.8.

The measurement of the optical depth breaks the Ase
�2⌧ de-

generacy, giving a 1.5 % measurement of the primordial ampli-
tude:

As = (2.101+0.031
�0.034) ⇥ 10�9 (68 %, TT,TE,EE+lowE). (19)

Since the optical depth is reasonably well constrained, degenera-
cies with other cosmological parameters contribute to the error
in Eq. (19). From the temperature spectrum alone there is a sig-
nificant degeneracy between Ase

�2⌧ and ⌦mh
2, since for fixed

✓⇤, larger values of these parameters will increase and decrease
the small-scale power, respectively. This behaviour is mitigated
in our joint constraint with polarization because the polariza-
tion spectra have a di↵erent dependence on ⌦mh

2; polarization
is generated by causal sub-horizon quadrupole scattering at re-
combination, but the temperature spectrum has multiple sources
and is also sensitive to non-local redshifting e↵ects as the pho-
tons leave the last-scattering surface (see, e.g., Galli et al. 2014,
for further discussion).

Assuming the ⇤CDM model, the Planck CMB parameter
amplitude constraint can be converted into a fluctuation ampli-
tude at the present day, conventionally quantified by the �8 pa-
rameter. The CMB lensing reconstruction power spectrum also
constrains the late-time fluctuation amplitude more directly, in
combination with the matter density. Figure 6 shows constraints
on the matter density and amplitude parameter combination
�8⌦

0.25
m that is well measured by the CMB lensing spectrum (see

PL2015 for details). There is good consistency between the tem-
perature, polarization, and lensing constraints here, and using
their combination significantly reduces the allowed parameter
space. In terms of the late-time fluctuation amplitude parameter
�8 we find the combined result

�8 = 0.8111 ± 0.0060 (68 %, Planck TT,TE,EE+lowE
+lensing). (20)

Measurements of galaxy clustering, galaxy lensing, and clusters
can also measure �8, and we discuss consistency of these con-
straints within the ⇤CDM model in more detail in Sect. 5.

14For reference, the ionization fraction xe = ne/nH in the tanh model
is assumed to have the redshift dependence:

xe =
1 + nHe/nH

2

"
1 + tanh

 
y(zre) � y(z)
�y

!#
,

where y(z) = (1 + z)3/2, �y = 3
2 (1 + zre)1/2�z, with �z = 0.5. Helium is

assumed to be singly ionized with hydrogen at z � 3, but at lower red-
shifts we add the very small contribution from the second reionization
of helium with a similar tanh transition at z = 3.5.
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their combination significantly reduces the allowed parameter
space. In terms of the late-time fluctuation amplitude parameter
�8 we find the combined result

�8 = 0.8111 ± 0.0060 (68 %, Planck TT,TE,EE+lowE
+lensing). (20)
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The IGM and Lyman-alpha forest in post-
processing radiative transfer simulations
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Constraining dark matter free streaming

3

and the mass variance within region R is �2 (R),

�
2 (R) =

Z
dk

k
�2 (k) Ŵ 2 (kR) , (3.2)

where Ŵ (kR) is the Fourier transform of the top-hat
function with radius R. The quantity � is also given in
terms of the halo mass given the mass enclosed in radius
R for the mean density of the universe.

We take the linear matter power spectrum for cold
dark matter from Ref. [35]. The power spectrum is the
primordial power spectrum modified by the appropriate
transfer function,

�2 (k, z) = �
2

H

✓
ck

H0

◆3+n

T
2 (k, z) , (3.3)

where T (k, z) is the CDM transfer function, �H is the
amplitude of perturbations on the scale of today’s horizon
(and is absorbed into the normalization constant), and n

is the initial power spectrum index. We employ the trans-
fer function for CDM plus baryons from Ref. [35]. This
transfer function is su�ciently accurate for our purposes.
The cosmological parameters we use for the transfer func-
tions and analytic halo model are: spectral index n = 1,
CMB temperature TCMB = 2.726, dark matter density
⌦dm = 0.23, baryon density ⌦b = 0.04, neutrino density
⌦⌫ = 0, Hubble parameter h = 0.7, and mass fluctua-
tion with R = 8 h

�1 Mpc, �8 = 0.8, which are consistent
with WMAP7 [1]. We explore results at redshift z = 0.

B. Warm Dark Matter

For the WDM case, for concreteness, we use the ster-
ile neutrino transfer function from Ref. [36]. There is
a simple scaling relation to connect between sterile neu-
trinos and gravitino WDM transfer functions given in
Ref. [36]. The sterile neutrinos have an initial velocity
dispersion, which allows them to escape the gravitational
well of the small scale perturbations upon entering the
horizon. This suppresses the linear matter power spec-
trum for small scales (large k), as shown in Fig. 1. The
scale and magnitude of the suppression increases with
velocity and, therefore, decreases with the mass of the
sterile neutrino. The linear matter power spectrum for
the suppressed sterile neutrino case at small scales is re-
lated to that in CDM by:

Ts (k) ⌘

s
Psterile (k)

PCDM (k)
. (3.4)

In Ref. [36], the linear matter power spectrum for ster-
ile neutrinos was calculated using CAMB 1 using a non-
thermal momentum distribution and the evolution equa-
tions for massive neutrinos. The resulting fit to the sterile

1 http://camb.info
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FIG. 1. Shown is the linear matter power spectrum as a func-
tion of wavenumber for the CDM model and several WDM
particle masses, as listed in the legend. The smaller the WDM
particle mass, the greater the suppression of the power spec-
trum on small scales (large k).

neutrino transfer function is

Ts (k) = (1 + (↵k)⌫)
�µ

, (3.5)

where ⌫ = 2.52, µ = 3.08, and ↵ is a function of the
sterile neutrino mass,

↵ = a

⇣
ms

1 keV

⌘b
✓
⌦dm

0.26

◆c ✓
h

0.7

◆d

h
�1 Mpc, (3.6)

where a = 0.188, b = �0.858, c = �0.136, and d = 0.692.

C. Nonlinear Matter Power Spectrum

The nonlinear matter power spectrum consists of two
parts: the one halo term and the two halo term [15].
These are denoted as P1h and P2h, respectively:

P (k) = P1h (k) + P2h (k) . (3.7)

The one halo term is Fourier transform of the two-point
correlation function for two points that are inside the
same halo:

P
1h (k) =

Z
dM

dn

dM

✓
M

⇢̄

◆2

|u (k | M)|2 . (3.8)

The one halo term depends only on the halo mass func-
tion and the halo density profile. The two halo term is
the Fourier transform of the two-point correlation func-
tion for points that are in di↵erent halos:

P
2h (k) =

Z
dM1

dn

dM1

M1

⇢̄
u (k | M1) (3.9)

⇥
Z

dM2

dn

dM2

M2

⇢̄
u (k | M2)

⇥Phh (k | M1,M2) .

dark matter free streaming 
suppresses small scale power

Dunstan et al. 2011

DM free 
streaming



Constraining dark matter free streaming

4 Klypin et. al.

Figure 1. Evolution of the dark matter power spectrum in sim-
ulations with the Planck cosmological parameters for redshifts
indicated in the plot. The error bars show errors assuming pois-
sonian noise due to the finite number of independent harmonics
in each bin. The full (blue) curves show the linear power spectra.
Different symbols show BigMDPL (circles), MDPL (triangles),
and SMDPL (squares) simulations. The plot shows that there are
three regimes of growth of perturbations: (1) Linear growth of
perturbations on long waves gradually shrinks as indicated by
the point where the non-linear power spectrum starts to devi-
ate upward from the linear theory prediction, (2) Mildly non-
linear regime where fluctuations grow substantially faster than
the linear growth, (3) Strongly non-linear regime where fluctua-
tions start to approach relatively slow self-similar clustering, and
the power spectrum is the power-law with slope ∼ −2 indicated
by the dashed line in the plot.

employed a quadratic interpolation to get the parameters
for 200∆crit: A = 0.224, a = 1.67, b = 1.80, c = 1.48 )

3 RELAXED HALOS

Some dark matter halos may experience significant merging
or strong interactions with environment that distort their
density and kinematics, and hence, may bias the estimation
of halo concentrations. To avoid possible biases due to non-
equilibrium effects, we select and separately study halos that
are expected to be close to equilibrium. Because halos grow
in mass and have satellites moving inside them, there are
no truly relaxed halos. However, by applying different selec-
tion conditions, we can select halos that are less affected by
recent mergers and are closer to equilibrium.

A number of diagnostics have been used to select re-
laxed halos. These include the virial parameter 2K/|W |−1,
where K and W are the kinetic and potential energies, the
offset parameter Xoff (distance between halo center and the
center of mass), and the spin parameter λ (e.g. Neto et al.
2007; Macciò et al. 2007, 2008; Prada et al. 2012).

In addition to these three diagnostics, Neto et al. (2007)

Figure 2. Power spectra (bottom panel) and halo bias (top
panel) at redshift z = 1. Different symbols show BigMDPL (cir-
cles), MDPL (triangles), and SMDPL (squares) simulations. Bot-
tom panel: Power spectra for dark matter (lower curves) and halos
(top curves). The power spectra are multiplied by factor k1.5 to
see more clearly the BAO peaks. The full curves show the linear
power spectrum and the linear power spectrum scaled up with
bias factor b = 1.95. Top set of symbols are for dark matter halos
with circular velocities vmax > 250km/s. Top panel: Bias factor
b(k) =

√

Phalos/PnonlinDM.

and Ludlow et al. (2012, 2014) also require that the fraction
of mass in subhalos fsub should be small, i.e. fsub < 0.1. This
seems to be a reasonable condition, but we decided not to
use it for two reasons. First, it is redundant: a combination
of cuts in λ and Xoff already remove the vast majority of
cases with fsub > 0.1. Figure 2 in Neto et al. (2007) clearly
shows this. Second, this condition is very sensitive to resolu-
tion. Concentrations are often measured for halos with few
thousand particles. For these halos one can reliably mea-
sure the spin and offset parameters, but detection of many
subhalos is nearly impossible.

Figure 4 shows the distribution of spin λ and offset Xoff

parameters for halos in the MDPL simulation at different
redshifts and different masses. Note that the distribution of
spin parameters is nearly independent of mass and redshift,
a well known fact. Unlike the spin parameter, the distribu-
tion of Xoff visibly evolves with time. Dashed lines in the
plot show our condition for relaxed halos:

Xoff < 0.07, and λ < 0.07. (6)

Depending on redshift and mass, these conditions could se-
lect as “relaxed” most (∼ 80% for halos M ! 1013h−1M⊙

at z = 0) or small (∼ 30% for halos M >∼ 1013h−1M⊙ at
z = 3) halo population.

In addition to the λ and Xoff diagnostics we also use
the virial parameter 2K/|W | − 1. If halos are relaxed and

c⃝ 0000 RAS, MNRAS 000, 1–21
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linear vs non-linear 
matter power spectrum
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and the mass variance within region R is �2 (R),

�
2 (R) =

Z
dk

k
�2 (k) Ŵ 2 (kR) , (3.2)

where Ŵ (kR) is the Fourier transform of the top-hat
function with radius R. The quantity � is also given in
terms of the halo mass given the mass enclosed in radius
R for the mean density of the universe.

We take the linear matter power spectrum for cold
dark matter from Ref. [35]. The power spectrum is the
primordial power spectrum modified by the appropriate
transfer function,

�2 (k, z) = �
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where T (k, z) is the CDM transfer function, �H is the
amplitude of perturbations on the scale of today’s horizon
(and is absorbed into the normalization constant), and n

is the initial power spectrum index. We employ the trans-
fer function for CDM plus baryons from Ref. [35]. This
transfer function is su�ciently accurate for our purposes.
The cosmological parameters we use for the transfer func-
tions and analytic halo model are: spectral index n = 1,
CMB temperature TCMB = 2.726, dark matter density
⌦dm = 0.23, baryon density ⌦b = 0.04, neutrino density
⌦⌫ = 0, Hubble parameter h = 0.7, and mass fluctua-
tion with R = 8 h

�1 Mpc, �8 = 0.8, which are consistent
with WMAP7 [1]. We explore results at redshift z = 0.

B. Warm Dark Matter

For the WDM case, for concreteness, we use the ster-
ile neutrino transfer function from Ref. [36]. There is
a simple scaling relation to connect between sterile neu-
trinos and gravitino WDM transfer functions given in
Ref. [36]. The sterile neutrinos have an initial velocity
dispersion, which allows them to escape the gravitational
well of the small scale perturbations upon entering the
horizon. This suppresses the linear matter power spec-
trum for small scales (large k), as shown in Fig. 1. The
scale and magnitude of the suppression increases with
velocity and, therefore, decreases with the mass of the
sterile neutrino. The linear matter power spectrum for
the suppressed sterile neutrino case at small scales is re-
lated to that in CDM by:

Ts (k) ⌘

s
Psterile (k)

PCDM (k)
. (3.4)

In Ref. [36], the linear matter power spectrum for ster-
ile neutrinos was calculated using CAMB 1 using a non-
thermal momentum distribution and the evolution equa-
tions for massive neutrinos. The resulting fit to the sterile
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FIG. 1. Shown is the linear matter power spectrum as a func-
tion of wavenumber for the CDM model and several WDM
particle masses, as listed in the legend. The smaller the WDM
particle mass, the greater the suppression of the power spec-
trum on small scales (large k).

neutrino transfer function is

Ts (k) = (1 + (↵k)⌫)
�µ

, (3.5)

where ⌫ = 2.52, µ = 3.08, and ↵ is a function of the
sterile neutrino mass,

↵ = a
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where a = 0.188, b = �0.858, c = �0.136, and d = 0.692.

C. Nonlinear Matter Power Spectrum

The nonlinear matter power spectrum consists of two
parts: the one halo term and the two halo term [15].
These are denoted as P1h and P2h, respectively:

P (k) = P1h (k) + P2h (k) . (3.7)

The one halo term is Fourier transform of the two-point
correlation function for two points that are inside the
same halo:

P
1h (k) =

Z
dM

dn

dM
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|u (k | M)|2 . (3.8)

The one halo term depends only on the halo mass func-
tion and the halo density profile. The two halo term is
the Fourier transform of the two-point correlation func-
tion for points that are in di↵erent halos:

P
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The IGM in a cold and warm dark matter universe
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Other effects on small scale Lyman-alpha forest
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radiative transfer 

pressure smoothing 

hydrodynamic reaction 
to photo-heating 
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post-processing 
radiative transfer 



Hybrid radiative-transfer / hydrodynamical 
simulations 
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Effect of pressure smoothing / patchy reionization 
on the density distribution of the IGM

z=7

homogeneous  UVB patchy UVB from RT simulation
gas 

density

Puchwein et al. 2019, in prep.
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Effect of pressure smoothing / patchy reionization 
on the density distribution of the IGM
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z=5

homogeneous  UVB
gas 

density

Effect of pressure smoothing / patchy reionization 
on the density distribution of the IGM
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z=7

homogeneous  UVB
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density

Effect of patchy reionization on the IGM 
temperature
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z=5

homogeneous  UVB
gas 

density

Effect of patchy reionization on the IGM 
temperature
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Flux power spectrum and impact of patchy 
reionization
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Summary

• Lyman-alpha forest fluctuations favour a very late hydrogen 
reionization ending at z~5.3 (see Laura Keating’s talk) 

➡ close to sweet spot for constraining dark matter 

• new simple method to model patchy reionizaion in cosmological 
hydrodynamical simulations 

➡ additional large scale power in the high-z Lyman-alpha forest 

➡ effects of fluctuations in pressure smoothing and thermal 
broadening (partly) cancel (consistent with Wu+19) 

➡ preliminary: probably minor effect for dark matter free 
streaming / warm dark matter constraints


